We give a construction of k-regular graphs of girth g using only geometrical and combinatorial properties that appear in any (k; g + 1)-cage, a minimal k-regular graph of girth g + 1. In this construction, g ≥ 5 and k ≥ 3 are odd integers, in particular when k − 1 is a power of 2 and (g + 1) ∈ {6, 8, 12} we use the structure of generalized polygons. With this construction we obtain upper bounds for the (k; g)-cages. Some of these graphs have the smallest number of vertices known so far among the regular graphs with girth g = 5, 7, 11.
Introduction
All graphs that we consider in this paper are finite, simple and without loops. Let G = (V (G), E(G)) be a graph with vertex set V = V (G) and edge set E = E(G). The girth of a graph is the length of its shortest cycle and the degree of a vertex v ∈ V is the number of vertices adjacent to v. A graph is called regular if all vertices have the same degree. A cage is a k-regular graph with girth g having the smallest number of vertices. Denote by f (k; g) the order of a (k; g)-cage. Cages were introduced by Tutte in [25] and Erdős and Sachs [12] proved their existence in 1963. The problem of determining the value of f (k; g) is still wide open for most pairs (k; g). Simply counting the vertices emerging from a vertex, when g is odd, or from an edge, when g is even, the following lower bounds, denoted by f 0 (k; g), are obtained:
(1)
It is well known that the (k; g)-cages of order f 0 (k; g) exist only when g ∈ {3, 4, 5, 6, 8, 12} and only for some values of k. Biggs [9] called the excess of a k-regular graph G the difference |V (G)| − f 0 (k; g). The question of the construction of graphs with small excess is a difficult one, in the papers [1, [3] [4] [5] 7, 10, 8, 11, 13, 15, [18] [19] [20] [21] [22] 24, 27, 26] the authors focused on constructing the smallest one. More details about constructions on cages can be found in the surveys by Wong [28] , by Holton and Sheehan [17] or in the recent survey by Exoo and Jajcay [14] .
A (k; g)-cage with f 0 (k; g) is said to be a Moore graph if g is odd and a generalized polygon graph if g is even. It is known that Moore graphs exist only for k = 2 (cycles), g = 3 (complete graphs) or g = 5 and k = 3, 7 or (possibly) 57; see [16] . In the case of even girth, generalized polygon graphs with g = 4 are the complete bipartite graphs, and if k − 1 is a prime power, the (k; g)-cages are the incidence graphs of projective planes when g = 6, of generalized quadrangles for g = 8, and of generalized hexagons for g = 12.
E-mail address: garaujo@math.unam.mx. In this work we consider the problem of constructing (k; g)-graphs for odd integers g ≥ 5 and k ≥ 3. This problem was explored by Biggs in [9] for cubic cages (3-regular cages). With our construction we obtain the same bounds as Biggs, and we also obtain a (5; 11)-graph of order 2688, a (9; 7)-graph of order 1152, and a (9; 11)-graph of order 74 752. We consider that the importance of our construction, as others that appeared in [2] [3] [4] 6, 5] , resides in that we use only geometrical and combinatorial properties of the cages.
In this work we use properties of (k; g + 1)-cages. In particular when k − 1 is a power of 2 and g ∈ {6, 8, 12}, we use the structure of generalized polygons to construct (k; g)-graphs with few vertices and obtain immediately upper bounds for the (k; g)-cages. These upper bounds improve others that were obtained by Araujo and Montellano in [5] .
It is important to note that only when k ≥ 5 and g = {3, 5} the upper bounds obtained with the construction are bigger than the upper bounds known. The (k, 3)-cages are the complete graphs and the order of the (k; 5)-cages has been studied by several authors yielding the following results: Parsons [23] states that for k ≥ 5 odd integer such that 2k − 1 is a prime of power, then there exists a k-regular graph with girth g = 5 and order n = 2k 2 − 3k + 1. O'Keefe and Wong [22] proved that for k, q two integers such that q ≥ 7, 3 ≤ k ≤ q and q − 2 a prime power, then f (k, 5) ≤ 2(k − 2)(q − 2). (Araujo and Montellano obtained the same upper bound in [5] ). And finally, a construction due to Williford, that uses polarities in finite geometries [26] produced the same upper bound as Parsons' for any k ≥ 5 odd.
The main results of this work are:
Corollary 1.2. If k is a power of two and g
Corollary 1.3. There exists a (5; 11)-graph of order 2688, a (9, 7)-graph or order 1152, and a (9; 11)-graph of order 74 752.
Construction

Notation
In what follows G denotes an undirected graph with no loops and no multiple edges. For each vertex x ∈ V (G), let N G (x) and d G (x) denote the set of neighbors and the degree of x in G respectively. The minimum degree of G will be denoted as δ(G). Given a pair of vertices x, y ∈ V (G), by a (xy)-path we mean a sequence x 0 , . . . , x r of vertices of G such that x 0 = x, x r = y and, for every 0
The length of a (xy)-path (or cycle) x 0 , . . . , x r is r. Given two vertices x, y ∈ V (G) the distance between x and y is the minimum length of a (xy)-path in G, and will be denoted by D G (x, y). A perfect matching is a 1-regular graph; we say that it is a matching if is not complete (it has isolated vertices).
For a subset S ⊆ V (G) we denote by G[S] the subgraph of G induced by S. A subset S ⊂ V (G) will be said to be independent if no two vertices in S are adjacent in G. Given x ∈ V (G), a (x, S)-path is a (xy)-path where y ∈ S and we denote by D G (x, S) = min{D G (x, y) : y ∈ S}. For simplicity, if e = wy is an edge of G and x ∈ V (G), we will write (e, x)-path and D G (e, x) instead of ({w, y}, x)-path and D G ({w, y}, x), respectively.
Construction
Given two integers g + 1 ≥ 4 even and k ≥ 3 odd, then the set of vertices of any (k; g + 1)-cage G of order f (k; g + 1) can be partitioned into two disjoint sets T ∪ E, where |T | = f 0 (k; g + 1) and |E| = f (k; g + 1) − f 0 (k; g + 1). Moreover, T is an induced subgraph of G that emerges from any edge e = xy of G and D G (e, z) ≤ g− 1 2 if z ∈ T . For other side, the set of vertices E, called excess of G, is disjoint to V (T ) and since G is a connected graph D G (e, z) ≥ g+1 2 if z ∈ E. Clearly V (T ) could be partitioned into the following sets for 0 The fact that the girth of G is g implies that the sets
) are mutually disjoint. Moreover, for 0
, we have
and
We call top of T the set B g−1
(y).
In particular if
for i ∈ {1, . . . , k − 1}, clearly the sets B g−1
2
(t) for t ∈ {x, y} can be partitioned into the following sets,
Note that each one of the induced subgraphs (y)}.
(ii) The lower distance between v and w, denoted by d l (v, w) is the length of the smallest path between v and w without vertices in {B g−1
(y)}.
We will make two different constructions that depend on the girth.
Case (1) If g ≥ 5 and g ≡ 3(mod 4), we take a (k; g + 1)-cage of order f (k; g + 1) and the sets of vertices of G partitioned in the sets T and E. We construct a new graph H, deleting in G the induced subgraph by
and adding a complete matching denoted by Z that joint two vertices v and w of B g+1
(y) if and only if in
Gd l (v, w) = 2, (see Fig. 2 ) We claim that the girth of H is equal to g. Let C be a cycle in H, clearly if C does not have edges in Z its length in H is the same than in G. Now, if C has only one edge in Z the length of C is at least g, because the cycle in G that induces the cycle C in H has length at least g + 1.
Finally suppose that C has two edges in Z , e 1 = u 1 v 1 and e 2 = u 2 v 2 . We can suppose, without lost generality, that C is formed by a u 1 u 2 -path, the edge e 2 , a v 2 v 1 -path and finally the edge e 1 . Since
− 1 and
Similarly,
− 1, and
Clearly, when C has more than two edges in Z its length is bigger than when it has only two edges in Z . Now, if H has no cycles of length g then H is a (k; g + 1)-graph with less vertices than G and this is not possible, therefore H has a cycle of length g and it is a (k; g)-graph.
Case ( 3 we construct a (3; 9)-graph H using a (3, 10)-cage G, it is known that this cage has order f (3; 10) = 70 where as f 0 (3; 10) = 60, then G has an excess of order 10, in the figure we do not show the vertices of E because we only need the vertices of T in G to construct H. We claim that in this case the girth of H is also g. As in the previous case, the cycles in H that we must analyse are those that have edges in Z and clearly if they have only one edge in Z its length is at least g, and if they have two or more edges in 
By a final analysis similar to what was done before, in the case 1, H is a (k; g)-graph.
Proofs of theorems
For the proof of 1.1 we only add the vertices of H in each case and obtain that:
Case ( 
For the proof of 1.2 we substitute the values of f (k; g) in the case when the (k; g)-cages are generalized polygons.
For the proof of 1.3 we only calculate the values in 1.2 for k and g given.
